Abstract. We give an extension of Hua's inequality in pre-Hilbert C * -modules without using convexity or the classical Hua's inequality. As a consequence, some known and new generalizations of this inequality are deduced. Providing a Jensen inequality in the content of Hilbert C * -modules, another extension of Hua's inequality is obtained. We also present an operator Hua's inequality, which is equivalent to operator convexity of given continuous real function.
Introduction
In his famous monograph "Additive theory of prime numbers", Lo-Keng Hua [8] This result was generalized by C.L. Wang [20] by showing that
in which δ > 0, α > 0, p ≥ 1 and (x 1 , · · · , x n ) is a finite sequence of nonnegative real numbers with n i=1 x i ≤ δ, and that the sign of inequality is reversed for 0 < p < 1. In [19] , G.-S. Yang and B.-K. Han extended this result for a finite sequence of complex numbers.
J.E. Pečarić [15] . There are other interpretation of Hua's inequality; cf. [11] and references therein.
An operator version of Hua's inequality was given by R. Drnovšek [3] . Moreover, S. Radas and T.Šikić [17] generalized the Hua inequality for linear operators in real inner product spaces. Now we consider certain extensions and improvements of the above results in the setting of Hilbert C * -modules and operators on Hilbert spaces. Providing a Jensen inequality in the content of Hilbert C * -modules, another extension of Hua's inequality is obtained. We also present an operator Hua's inequality, which is equivalent to operator convexity of given continuous real function.
Preliminaries
The notion of Hilbert C * -module is a generalization of the notion of Hilbert space. Let
A be a C * -algebra and X be a complex linear space, which is a right A -module satisfying
pre-Hilbert C * -module over A if there exists an A -inner product ., . :
x, x is a positive element of A ) and x, x = 0 if and only if x = 0;
(ii) x, λy + z = λ x, y + x, z ; (iii) x, ya = x, y a;
for all x, y, z ∈ X , λ ∈ C, a ∈ A .
We can define a norm on X by x := x, x 1 2 , where the latter norm denotes that in the C * -algebra A . A pre-Hilbert A -module is called a (right) Hilbert C * -module over A (or a (right) Hilbert A -module) if it is complete with respect to its norm. Any inner product space can be regarded as a pre-Hilbert C-module and any C * -algebra A is a Hilbert
A Hilbert A -module X can be embedded into a certain C * -algebra Λ(X ). To see this, let us denote by F = X ⊕ A , the direct sum of Hilbert A -modules X and A equipped with the A -inner product
Identify each x ∈ X with A → X , a → xa. The adjoint of this map is x * (y) = x, y . Set
Furthermore, x, y of X becomes the product x * y in Λ(X ) and the module multiplication X × A → X becomes a part of the internal multiplication of Λ(X ).
We refer the reader to [13] for undefined notions on C * -algebra theory and to [4, 9, 18] for more information on Hilbert C * -modules.
A continuous real valued function f on an interval J is called operator convex if for all λ ∈ [0, 1] and all self-adjoint operators A and B acting on a Hilbert space (H , ., . ), whose spectra are contained in J,
where ≤ denotes the usual positive semi-definiteness. A function f : J → R is called operator concave if −f is operator convex. A known operator Jensen equation says that if A is a selfadjoint operator with spectrum contained in an interval J on which f is a convex function,
for every unit vector x; cf. [12] .
By Hansen-Pedersen-Jensen's inequality (see [5, 7] ) a function f is operator convex (operator convex and f (0) ≤ 0, respectively) if and only if
for all self-adjoint bounded operators A i with spectra contained in J and all bounded oper-
, where I denotes the identity operator. The reader is referred to [6, 16] for more information on operator inequalities.
A Hua type inequality in left Hilbert
We start our work with the following generalized Hua inequality. In our approach, we use neither convexity nor the classical Hua inequality. Throughout this section, we assume that X and Y are Hilbert modules over a C * -algebra A .
for all positive central elements c ∈ A and all elements x, y ∈ X . The equality holds if and
Proof. By the functional calculus, f (c) and f (c) − c are invertible positive elements of A .
Here the equality holds if and only if y f (c) 
for all positive numbers c ∈ [0, ∞) and all A, B ∈ B(H , K ). The equality holds if and only
The following theorem is a norm extension of Hua's inequality.
for all positive central elements c ∈ A , all elements x ∈ X , y ∈ Y and all non-zero bounded linear operators T : X → Y .
Proof. Replacing x by T (x) in (3.1) we get
utilizing the facts that T x / T ≤ x and |z| 2 = z 2 (z ∈ A ) we obtain
Considering the elementary operator T = u ⊗ v defined for given u, v ∈ X by T (x) = u v, x (x ∈ X ) and noting to the fact that T = u v we get
for all positive central elements c ∈ A , all elements x, y, u, v ∈ X .
If X and Y are assumed to be inner product spaces H and K , respectively, A = C, A ∈ B(H , K ), f (t) = t + 1 and c = α A 2 , then we deduce the main result of [17] from Theorem 3.3 as follows.
Corollary 3.5. Suppose that H and K are inner product spaces, A : H → K is a bounded linear operator and α > 0. Then
for all elements x ∈ H and y ∈ K .
Remark 3.6. If H is an inner product space, w i ∈ C (1 ≤ i ≤ n) and we consider the n-fold inner product space H n and A(x 1 , · · · , x n ) = n i=1 w i x i in Corollary 3.5 (see [17] ), then
which is a generalization of the main theorem of [2] (see also [1] ). The case where H = C and w i = 1 (1 ≤ i ≤ n) gives rise to the classical Hua's inequality.
Hua's inequality for operator convex functions in Hilbert C * -modules
We first generalize operator Jensen inequality (2.1) in the framework of Hilbert C * -modules. In this section we assume that X is a Hilbert C * -module over a unital C * -algebra A with unit e.
Theorem 4.1. Let f be an operator convex function on an interval J containing 0, f (0) ≤ 0 and let T ∈ L(X ) be self-adjoint with spectrum contained in J. Then
for every x in the closed unit ball of X .
Proof. To prove we utilize the linking algebra Λ(X ) as a 2×2 matrix trick and the functional calculus for self-adjoint elements of the C * -algebra (see [13] ). 
Then for x in the closed unit ball of X ,
Proof.
(by the classical weighted Jensen inequality)
where
As a special case in which X is C as a C-module, f (t) = t 2 , x = 1, and S,
and R i (1 ≤ i ≤ n) are given real numbers δ, αx i (1 ≤ i ≤ n) and α −1/2 , respectively, we get the classical Hua's inequality.
An operator Hua's inequality
In this section we present an operator Hua's inequality and show that it is equivalent to operator convexity.
Theorem 5.1. Let H be a Hilbert space, let f be an operator convex function on an interval J and let C i (1 ≤ i ≤ n) be arbitrary operators and B, A i (1 ≤ i ≤ n) be self-adjoint operators operators such that the spectra of B −
1)
Proof. It follows from
and operator convexity of f that
Due to the fact that T ≥ S implies R * T R ≥ R * SR, we deduce (5.1).
Remark 5.2. If we use a concave operator function, then the inequality in (5.1) will be reversed.
Applying Theorem 5.1 to the convex functions f 1 (t) = t −1 and f 2 (t) = t p (1 ≤ p ≤ 2 or − 1 ≤ p ≤ 0), and concave functions f 3 (t) = t p (0 ≤ p ≤ 1) and f 4 (t) = log t on (0, ∞)
we get inequalities (i)-(iv) of the following Corollary, respectively. The inequalities of (i) and (iv) are operator extensions of main result of [20] .
Corollary 5.3. Let H be a Hilbert space and let C i (1 ≤ i ≤ n) be arbitrary operators and
If H is of dimension one, δ, x 1 , · · · , x n ∈ R, α > 0 and we take 
Now, we shall show that our operator Hua's inequality ( Proof. Let X i (1 ≤ i ≤ n) be self-adjoint operators on a Hilbert space H with spectra contained in J and E i be arbitrary operators such that n i=1 E * i E i < I, where < denotes the strict positivity. Recall that by a strict positive operator we mean an invertible positive one.
Replacing B by
3)
